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A molecular dynamics “‘experiment’ has been performed for a system of 216 molecules interacting through a

modified Lennard-Jones-type potential.

coefficients were computed for varying degrees of the steepness of the repulsive part in the pair potential.

The velocity autocorrelation functions and associated self-diffusion

The

dependence of these quantities upon the hardness of the core, and then the applicability of a perturbation approach
to the transport theory, was elucidated. The computed self-diffusion coefficients were compared with the prediction

of the Rice-Allnatt theory.

With the advent of computer experiment techniques,
it has become possible to acquire useful information on
dynamical processes in liquids by simulation. The
velocity autocorrelation function ¥ (¢) is of particular
interest, here, because it is the most important quantity
for the description of the dynamics of liquids. Molecular
dynamics experiments have been performed for the
Lennard-Jones potential fluids by Rahman? and by
Levesque-Verlet,? and, also for a rigid sphere fluid,
those have been done by Alder-Wainwright and
others.3% The results have brought us some valuable
information on ¥ (¢). Recent progress in the transport
theory of liquids has been strongly promoted by these
studies.t~?

The most important problem in the transport theory
of liquids is to present a theoretical model amenable to
the analytical treatment for various correlated motions
of molecules in a liquid. In explaining the equilibrium
properties of liquids, the perturbation approach has
proved to be successful for the last decade.®® The
theory rests on the idea that the short range structure
of liquids is governed primarily by a steep repulsive
part of the intermolecular potential. Then, the attractive
potential is regarded as a perturbation on a rigid
sthere potential.  Concerning transport properties,
however, no successful perturbation theory has been
proposed yet, and for the advancement of the theory,
it is required to elucidate further the effect of the inter-
molecular potential upon the transport properties of
fluids. Considerable efforts through computer experi-
ments have been devoted to the presentation of a
reference fluid, which is useful in predicting the transport
properties of liquids. The predominant role of the
repulsive interaction by hard cores in the dynamics of
dense fluids has been confirmed through the molecular
dynamics results.®1%:1)  Levesque et al.? stated that
the transport coefficient for the Lennard-Jones fluids
was practically explained in terms of a corresponding
hard sphere model. On the other hand, concerning the
effect of softness of the core, it seems that a soft core po-
tential gives rise to remarked oscillations in ¥(t) while the
diffusion coefficient is rather insensitive to the steepness
of the repulsive core.l® Then, for the elucidation of
these properties of liquids, further examinations are
required.

The purpose of the present work is to study the effect
of the repulsive core on the transport properties of
liquids with varying degrees of the steepness of the

repulsive part of the potential. For that purpose, we
consider a fluid system composed of molecules interact-
ing through a modified Lennard-Jones-type potential:
a parameter which shows the hardness of the repulsive
core is introduced there. Velocity autocorrelation
functions and associated self-diffusion coefficients for
the systems are calculated by means of molecular
dynamics experiments. The dependence of those
quantities upon the hardness of the core and the
applicability of a perturbation approach to the transport
theory are investigated. Detailes of the results will be
given in the following sections.

Molecular Dynamics Method

Description of the System. We consider a system
composed of molecules interacting through a pair
potential of the form

u(r,,) = 4118[(1)12— (i>s]+ (h—1)e r,<r,

Tij Tij

) e

where 7;; is the separation between molecules i and j, £
an energy parameter, and r,=2'/% ¢. This potential
function has a minimum of —¢ at 7, and crosses the
abscissa at the distance 6, and

0= [2(h —a/R)[(h — 1)]*/°a k1
h=1. )

k is a parameter which shows the hardness of the
repulsive core. When h=1, u(r;;) becomes a Lennard-
Jonse 12-6 potential with parameters ¢ and 6. Figure 1
displays the potential curves for different values of h
for the same ¢ and ¢ (Fig. 1-(a)) and those for the same
¢ and o, (Fig. 1-(b)). For large values of 4 the potential
may be regarded as a nearly rigid sphere potential with
an attractive part.

Reduced quantities have been used throughout. There
is some arbitrariness in choosing the reduction units for
the present potential system. We have taken the
reduced density p* and the reduced temperature T* as

o* = Nod[V and T* = kTJe, (3)

respectively, where & is the Boltzmann constant.
The magnitude of p* of the systems considered were
taken to be not larger than 0.95. When exceeded this
reduced density, the system actually lost its fluidity
for the lowest temperature chosen, showing an adrupt
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Fig. 1. Intermolecular potentials for varying degrees of

the steepness of the repulsive potential.
(a): For constant ¢ and o, (b): for constant & and a,.
—: h=200, ——: h=10, .-.... th=1, —— : h=0.5.

drop in the diffusion coefficient. With respect to
temperature, we have taken the range of 7* of 0.6—4.0,
because we consider the liquids composed of molecules
interacting with comparatively strong forces, such as
H,0, CgH,, CCl,, CH,OH etc.1®

Computational Technique. Molecular dynamics
calculations have been performed for the system of
216 molecules confined to a cubic box with volume V,
interacting through the potential Eq. 1. Following
the usual procedure in molecular dynamics studies, the
periodic boundary conditions were employed and
interactions beyond a cutoff distance r. were ignored.
The cutoff was placed at r.=2.5¢, The technique
due to Verlet’ was used to integrate the 3N coupled
Newton equations of motion,

d?r LA
m dtzi = — Vi%“('u)- 4)

The basic time increment for the numerical integra-
tion has been taken to be 0.012 (in (mo4?/e)'/2), taking
the conservation of total energy of the system into
account. The number of time steps required to inves-
tigate a given thermodynamic state was about 12000
time steps; 2000 time steps were sufficient, usually, to
reach equilibrium, and a period of 10000 time steps
was utilized to form the statistical average. The results
were stable and reproducible.

Radial Distribution Function. The radial distribu-
tion function gives the average local density of molecules
at distance r from the central molecule, and is indicative
of the local structure in a liquid.

Figure 2 displays the computed radial distribution
functions, g(r*), vs. r*=r/o, at p*=0.80 for varying &,
including the result of Alder and Hecht on rigid
spheres.’® It is seen that the curve for /=200 agrees
closely with that for the rigid spheres. As the softness
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Fig. 2. Radial distribution functions at p*=0.80 and
T*~0.6.
: h=200, ——: A=10, ...... : h=1, O: rigid
spheres for V/V,=1.7 given by Alder and Hecht.!®
Refer to Fig. 1-(b) for the potentials.

of the repulsive core increases, the first peak of the
distribution function is less sharp.!»1? The g(r*) for
h=1 can be compared with the distribution function
of liquid Ar.»® These results show the effectiveness of
the present potential function.

Velocity Autocorrelation Function

The normalized velocity autocorrelation function at
time ¢ has been calculated as

_ < o(0)-0(0) >
O ="="ns

< % ?N Uy(to) * vty + 2) >,
= ¥ ) (6)
<3 D vilte) wilty) >,
0.0 O.IS 1.0

4

Fig. 3. Velocity autocorrelation functions for /=200 at
T*~1.0.
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where v;(t) is the linear velocity of a molecule ¢ at ¢,
and the angular brackets < >, imply a mean value
over time origins.

For a short time behavior of ¥(t), we have made a
comparison of molecular dynamics computations with
the values given by the Brownian and Gaussian approxi-
mations (see Appendix I).

Figure 3 shows the normalized velocity autocorrela-
tion functions, ¥ (t*), computed by means of Eq. 6 for
various values of p* for £=200 and T*=1, where t*
is the reduced time given by (*=t/(mg*/¢)/%. The
statistical error on the normalized velocity autocorrela-
tion function is due mainly to the replacement of an
equilibrium ensemble average by a time average over a
finite time interval. In the present case, the error is
estimated to be +0.015|% (¢)—1| by means of Zwanzig
and Ailawadi’s formula.!®

¥(t*)

0.0

1
0.0 0.5 1.0
4

Fig. 4. Velocity autocorrelation functions for hA=1 at
T*~0.6.

¥(£*)

0.0 ——

p*=0.95

1
0.0 0.5 1.0

t*

Fig. 5. Velocity autocorrelation functions for A=10 at
T*~=0.6.
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At low density ¥ (t*) decays steadily. When the
density is higher, ¥ (t*) has a pronounced minimum
attributed to the ‘‘back-scattering” of the diffusing
molecule due to its collisions with surrounding
molecules,’»19 followed by a negative plateau. The
level of the negative region rises up with decreasing
density, becoming eventually positive at a low density.
The qualitative behavior of ¥ (t*) is consistent not only
with Alder and Wainwright’s® computer results on
rigid spheres but also with Levesque and Verlet’s?
results on the Lennard-Jones fluid.

We now examine the effect of the steepness of the
repulsive core potential on the velocity autocorrelation
function. Figures 4—9 present ¥ (t*) computed at the
same reduced temperature (7*=0.6) and different
densities, for £=0.1, 0.5, 1, 10, and 200. The results

Y(t*)

p*=0,95

0.0 0.5 1.0
t*
Fig. 6. Velocity autocorrelation functions for /=200 at
T*~0.6.

bt}

0.0 0.1 0.2 0.3 0.4

Fig. 7. Comparison of the velocity autocorrelation

functions computed by molecular dynamics at p*=0.80
and T*~0.6 with those predicted by Brownian and
Gaussian approximations.
A k=200 by MD, ——: k=200 by Brownian approx.
(Eq. AI-1), O: k=1 by MD, ---.-. : k=1 by Gaussian
approx. (Eq. AI-4). Refer to Fig. 1-(b) for the poten-
tials.
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are summarized as in the following (1)—(4).

(1) At short times, Z(t*) for large values of A has
an appearence of the exponential or nearly exponential
decay (Fig. 6). When & becomes smaller, the initial
behavior of ¥ (t*) shows an extended Gaussian appear-
ence (Fig. 4). The extent of the Gaussian decay at
a soft core system can be understood intuitively as the
effect of the duration of a collision. This is more clearly
seen in Fig. 7. The figure displays the ¥ (t*) computed
for the soft core (h=1), together with the curve predicted
by the Gaussian approximation (Eq. AI-4), and also
that for the hard core (A=200) with the curve obtained
from the Brownian approximation (Eq. AI-1). The
agreement between the computed and predicted values
is very good.?® It is confirmed that the initial decay of
Y (1*) for k=200 is still Gaussian at extremely short
times. The initial purely-Gaussian decay is attributed
to a quasi-Brownian motion of the pair of molecules
in the relatively weak, but rapidly fluctuating, field of
all the neighboring molecules, in which the momentum
transfer is understood to be small.?)

(2) At intermediate times, ¥ (t*) at high density
has a negative region with a long plateau. As seen in
Figs. 4—6, the soft core potential has an effect enhancing
the negative correlations. ¥ (¢*) for large h shows the
overdamped behavior and no oscillatory features. The
oscillatory aspect of the self motion associated with
the soft core is very weak in the Lennard-Jones case
(Fig. 4). However, as Fig. 8 shows, ¥ (t*) of 4=0.1
apparently shows the oscillatory behavior similar to
that found in molecular dynamics experiments on liquid
metals'® and also has no longer an appreciably long
plateau. The long plateau is not a consequence of an
attractive potential tail but an essential feature for
rigid sphere systems; it is generally believed to arise
from repeated collisions between the two molecules due
to the cage effect of its neighbors.??

(3) As seen in Fig. 9, when /4 increases at the same
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Fig. 8. Velocity autocorrelation functions for /<1 at p*
=0.70 and T*~0.6.
——1:h=0.5, ——: h=0.1.
potentials.

Refer to Fig. 1-(b) for the

reduced density, the behavior of ¥ (t*) approaches that
of ¥ (t*) for rigid spheres. The area under ¥ (t*) increases
at small times with increasing softness of the core, but
at intermediate times we cbserve an opposite trend
on ¥ (t*) throughout three cases (a) (0*=0.57), (b)
(0*=0.85), and (c) (p*=0.95). In this respect, the
three groups of curves given in Figs. 9(a), (b), and (c)
may be said to have a similar trend of change with the
increase of & over all the range of t*. The decrease of
¥ (t*) at intermediate times is largely compensated for
by its increase at small times. This is the reason why
the self-diffusion coefficient, which is given by the
integral of ¥(¢), is rather insensitive to the shape of
intermolecular potentials (Table 1). Figure 10 shows
¥ (¢*) for varying h at T*=1.0. The trend of change

1.0

Yt

0.0

(b) (©
e N
1 1 1
0.0 0.5 0.0 0.5 0.0 0.5
4 £ £+

Fig. 9. Velocity autocorrelation functions for potential functions presented in

Fig. 1-(b) at T*~0.6.

(a): For p*=0.57, (b): for p*=0.85, (c): for p*=0.95.

— h=10, ...... s h=1.

—: h=200,
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Y(t*)

0.0 0.5
t*
Fig. 10. Velocity autocorrelation functions at p*=0.57
and T*=1.0.
——:h=200, ~---: h=10, -----. th=1.

with the increasing % is found to be essentially similar
to that at 7*%=0.6, though its magnitude is small.

The fundamental behavior of velocity autocorrelation
functions for continuous potential fluids may be ex-
plained by the extreme one of rigid spheres with an
appropreate diameter at the same volume. The existence
of such an extreme offer the basis of a perturbation
approach in the transport theory. In Fig. 9 we have
used simply g, as a diameter of rigid spheres as a refer-
ence. A useful way to determine the rigid core diameter
will be the one due to Dymond and Alder.19

0.0

d¥ (¢#)/det

0 0.1 0.2 -0.3
t*
Fig. 11. First derivatives of the velocity autocorrelation
functions at p*=0.57 and T*=~0.6.
: k=200, ——: A=10, +-... h=1.
1-(b) for the potentials.

Refer to Fig.

(4) We present the first derivative d% (t*)/dt* in the
region of initially fast decay for varying 4 in Fig. 11.
The first minimum point of d¥(¢*)/dt* vs. t* curves,
or the first inflexion point of ¥ (i*) vs. t* curves, gives
the time at which the force autocorrelation function
first passes through zero. As Fig. 11 shows, that is
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strongly dependent on the steepness of the core potential,
going to zero as a rigid core limit as & becomes large.2
The decay time of ¥ (t*) appears to be relatively insen-
sitive to the steepness of the repulsive core potential
in spite of the strong dependence of the force auto-
correlation. This implies that the motion of a molecule
in the systems considered is far from harmonic oscilla-
tions.

Here, we would mention the following point. The
extreme of h=oo in the present potential may be closer
to a square-well potential for the presence of an attrac-
tive part rather than to rigid spheres (see Fig. 1). The
velocity autocorrelation functions for square-well poten-
tial fluids have been calculated by Michels and
Trappeniers.29 Unfortuately, their molecular dynamics
calculations were made at too low densities to confirm
the velocity autocorrelation at liquid densities.
Einwohner and Alder?® computed the free-path
distributions and collision rates in square-well potential
fluids as well as those in rigid sphere fluids, and made
the comparison between the two cases. They found
that at liquid density the majority of collisions were
hard core collisions and the free-path distribution was
nearly indifferent to the presence of an attractive
potential. For the extreme of h=co in the present
potential, the velocity autocorrelation function is
supposed to be approximately equal to the one for rigid
spheres, except for low densities.

Self-diffusion Coefficient

Procedure  of Calculations. The  self-diffusion
coefficient D is calculated either from the velocity
autocorrelation function,

kT (®
D= 7Sowf(t)dt, 7

or from the long time limit of the mean-square
displacement of a selected molecule i,

D tim [% < [rl0) — r(®)] >]. (®)

The evaluation of integral in Eq. 7 was carried out over
the range of ¢, 0—2000 time steps. In the application
of Eq. 8, we used the slope of the linear part of the
curve for the mean-square displacement at 2000 time
steps. The error of both results are considered to be
of the order of 109, and then, both results may be
safely said to agree to each other within the range of
errors. The diffusion coefficient for liquid Ar (at 94 °K
and 1.374 g cm~3) was calculated to be 2.44 x 10-5 cm?
s~1 in agreement with Rahman’s result.)

The self-diffusion coefficients, Dyp, calculated from
the velocity autocorrelation function are listed in Table
1, where we have used as the reduced quantity

D* = D(ols/m)'~. 9)
We can not make a direct comparison of the values for
h=1 with the results of Levesque and Verlet? on the
Lennard-Jones fluid. It is possible to compare those
by the use of (e%¢/m)¥/2(kT/e)%1% as a unit of D and p’'=
(00%/a/2) (e/kT)*/* as the reduced density.2®  Both
results are confirmed to be quite similar each other
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TABLE 1. SELF-DIFFUSION COEFFICIENTS
p* h ™ Dyp*
0.42 1 0.61 0.084
0.51 10 0.61 0.094
0.57 1 0.60 0.072
0.57 10 0.61 0.085
0.57 200 0.60 0.101
0.57 200 0.99 0.143
0.57 200 4.01 0.430
0.59 1 0.61 0.067
0.70 1 0.59 0.055
0.72 10 0.61 0.067
0.80 1 0.61 0.029
0.80 10 0.59 0.041
0.80 50 0.60 0.042
0.80 100 0.60 0.049
0.80 200 0.59 0.050
0.80 200 0.99 0.061
0.80 200 3.94 0.148
0.86 10 0.60 0.022
0.95 1 0.61 0.006
0.95 10 0.60 0.011
0.95 200 0.59 0.016
0.95 200 1.02 0.022
0.95 200 3.97 0.064

except for those at the low density (0'<{0.55), showing
that the scaling variables for the inverse 12-th power
potential may be useful for the Lennard-Jones fluids.

Density Dependence of Self-Diffusion Coefficient.
Figure 12 illustrates the density dependence of the self-
diffusion coefficients at 7*=0.6 for a variety of the
steepness of core potentials. The curves are found to
shift along an arrow in the figure, when the hardness
of the repulsive core increases.

We now attempt here an interpretation of this result
by means of a rigid sphere model. The self-diffusion
coefficient for rigid sphere gas of packing fraction

0.10

%
2w
T

0.01

T T

] 1
0.5 1.0
p*

Fig. 12. Density dependence of self-diffusion coefficients
at T*=0.6.
——: h=200, ——: =10, ---... th=1, O: D.* calcu-
lated by means of Eq. 11.
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&(=(n/6)pd?), where d is the diameter of spherical
molecules, is given by the Enskog theory as

=3 L) s w@ -] w0

in which x(&) (=pV|NkT) is the compressibility factor
of a rigid sphere system. We consider the extreme of
h=o0 in the present potential i.e. the nearly rigid sphere
potential with an attractive potential well. Let us
assume that the self-diffusion coefficient for the system
is given by the Enskog’s value corrected by the Alder-
Wainwright factor as the ratio (Dfip/Dg)as,? where
Dyip is the molecular dynamics values of diffusion
coefficients for rigid spheres. It is written as?®

_ W=/4) ~/T* (D},
br = x(§) — 1 (DE )A’ (1

where D.* is expressed as the reduced coefficient given
by Eq. 9. x(¢) is given by the formula (&)= (1 +£+£2)/
(1—&)3. D.* calculated at 7*=0.6 are plotted against
o* in Fig. 12. We can see that the Dyp* vs. p* curve
for k=200 nearly agrees with the D.* us. p* one.
That is, when the hardness of the core increases, the
Dyp* vs. p* curve at a given temperature, shifting along
the arrow in Fig. 12, approaches the extreme curve
of rigid spheres at the same temperature. This confirms
that the rigid sphere model expressed as Eq. 11 gives
a good description of self-diffusion coefficients for
realistic continuous potential systems. An appropriate
evaluation of the equivalent rigid sphere diameter for
the Lennard-Jones fluid was given by Verlet,18) who took
for it the value to fit the equilibrium structure factor
to the Wertheim-Thiele solution of the PY equation
for rigid spheres. Using the core diameter thus deter-
mined, Levesque et al.? calculated diffusion coefficients
for Lennard-Jones fluids, which were found to be about
109, larger than those by molecular dynamics computa-
tions. According to Verlet,!® at low temperatures, the
equivalent diameter is larger than the original core
size ¢ in the Lennard-Jones potential. The direction
of the arrow in Fig. 12 is consistent with the result of
Verlet.

In addition to the interpretation described above,
it can also be said from Fig. 12 that the duration of
collisions between molecules, associated with the finite
steepness of the repulsive potential, brings an important
perturbation on the dynamical behavior of molecules
mainly determined by the rigid sphere potential.

Comparison with the Rice-Allnatt Theory. The basic
assumption underlying the transport theory of Rice
and Allnatt? is that the motion of a molecule in a fluid
consists of a strongly repulsive binary encounter followed
by a quasi-Brownian motion of the molecules in the
fluctuating field of neighboring molecules. The succes-
sive repulsive encounters are assumed to occur independ-
ently. This assumption is in direct opposition to the
van der Waals picture of transport processes discussed
by Dymond and Alder and others,!® in which the
dynamical event consists of correlated collisions of rigid
spheres. The real situation lies between these two
extremes, probably.

We attempt here to test the Rice-Allnatt theory
through the examination of self-diffusion coefficients




April, 1981]

calculated for various degrees of the steepness of the
repulsive potential.?> In the theory,
V(r) = V¥(r) + V3(r)
{V”(r) =o00, V3(r)=0 r<a

VH(r) =0 r>a, (12)
where V* is the soft potential. The forces on the mole-
cules in a liquid are working on two time scales: one
corresponds to the large momentum and energy transfers
which occur during rigid sphere collisions, and the
other to the frequent small momentum transfers which
occur during the quasi-Brownian motion of a molecule
in the soft force field. Then, the friction coefficient is
expressed as {={®4-(% and the self-diffusion coefficient
is

kT
Das = gy
where the friction coefficients become

(13)

0% = 3 (amk ) V3pas (a), (14)

and

1674 (nm)llzsm
— — dq ¢#V5G,.
3 p kT o qqa qa™q

The Fourier transforms V; and G, are given by
1 .
Vg = QS dr e—“l“'Vs(r),

= (15)

(16)

and

(17)

respectively. The rigid core contribution, Eq. 14, is
the Enskog expression. The evaluation of (%, Eq. 15, is
identical with the friction coefficient given by Helfand
by applying the linear trajectory approximation.2?)
For the application of the Rice-Allnatt theory to the
present system, there is obviously some arbitrariness in
choosing the core diameter a in Eq. 12. In this work, the
distance where the potential crosses abscissa has been
taken as the diameter. Equation 1 is rewritten as follows,

VE(x) = o0, V3(x) =0 x < %y

VH(x) =0, V3(x) = u(ox) x> x,
where x=r/o and xy=0,/o.

It is difficult to calculate {® using Eq. 15 because of
the presence of the factor ¢® and the oscillating behavior
due to G, in the integrand. However, for the present
potential (Eq. 18) we can invert Eq. 15 according to
the procedure used by Helfand. The details of the
inversion are described in Appendix II. If we use the
dimensionless  coefficient {§=(5/{* where (*=
(8/3)pxo2(emk T')2/2, (% is given by

= (5[ s e = 1) = (5% “axren, a9)

and

1 .
Co= ﬁs dre-ias(g(r) — 1),

(18)

11 x 5 x
() -3 4(2)) 0
where
. n/2 ,2J-1 _ a-n x41
Jalx) = ZEZj—l 17 In o (21)
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TABLE 2. FRICTION AND SELF-DIFFUSION COEFFICIENTS
GIVEN BY THE RICE-ALLNATT THEORY AT T*~0.6

o* (H I CRA,: Dg,* CKD.r
h=1 0.57 0.85 4.48 5.33 0.05¢ 4.03
0.59 0.94 4.38 5.32 0.052 4.16
0.70 0.69 3.86  4.55 0.051 4.21
0.80 0.89 3.84 4.73 0.031 5.02
0.95 1.51 3.97 5.48 0.032 29.56
h=10 0.57 0.90 7.17 8.09 0.050 4.74
0.72 0.72 6.53 7.25 0.032 3.40
0.80 0.85 7.16 8.01 0.025 8.01
0.86 0.90 7.32 8.22 0.024 8.82
0.95 1.24 8.15 9.39 0.018 15.50
h=200 0.57 0.81 22.60 23.41 0.013 2.86
0.80 0.80 22.43 23.23 0.009 4.04
0.95 1.17 27.11 28.28 0.009 15.21
3.0
h-zoo\
-~
Be10°N
\
\
2.0f \
* N~ \
§§ hel \\ \\
t:g ~ \
\
1.0 \\
A \
L\
0.0 1 !
0.5 1.0
o
Fig. 13. Ratio of the values of self-diffusion coefficients

at T*220.6 calculated by molecular dynamics to those
predicted by the Rice-Allnatt thery.

C¥(=C"/€*), &3, and Dga* are calculated by means
of Egs. 14, 19, and 13, respectively, using the radial
distribution functions calculated by the molecular
dynamics runs for the potential Eq. 1.3 The results
are given in Table 2, together with the molecular
dynamics computations, {yp,.* (= (kT /Dup)/C*).

Figure 13 shows the Dyp*/Dgs* vs. p* curves, for
h=1, 10, and 200. As seen in Table 2 and Fig. 13, a
good agreement between the predicted and computed
values is obtained only for the Lennard-Jones potential
(h=1) at a moderate density and also for the more
rigid potential (k=10) at a high density. Too small
values of Dgs* for large & are evidently attributed to the
overestimation of {} about the contributions of the
repulsive part, including the improperly strong repulsive
contribution.  The prediction of the Rice-Allnatt
theory using the linear trajectory procedure is found
to depend too sensitively upon how to separate the
intermolecular potential. We have taken the diameter
of rigid core to be equal to g,

It is found from Fig. 13 that the ratio Dyp*/Dgs* for
k=1 is smaller than 1 at high densities, and at low
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densities we have an opposite result. This density
dependence of the ratio Dup*/Dgra* is supposed to be
partly associated with that of the Alder-Wainwright
ratio (D¥p/Dg)a for rigid spheres.

Concluding Remarks

By means of molecular dynamics calculations, we have
examined the transport properties of a fluid composed
of molecules interacting through the potential expressed
in terms of three parameters: the depth of potential
well &, core size g, and hardness parameter h. The
results are summarized as follows.

(a) The essential feature of the behavior of velocity
autocorrelation functions for continuous potential fluids
can be explained by the extreme of rigid spheres with
an appropriate diameter at the same volume. This
implies that the rigid-sphere fluid can serve as a reference
system suitable for the representation of dynamical
properties of liquids.

(b) The detailed behavior of velocity autocorrelation
functions is sensibly dependent upon the steepness of
the repulsive core potential. The oscillatory behavior
superimposed on the extreme behavior of rigid spheres
becomes more pronounced as the softness of the core
increases. Then, the decrease of the area under ¥(t)
at intermediate times is largely compensated for by
its increase at small times. This is the reason why the
self-diffusion coefficient is rather insensitive to the
shape of intermolecular potentials.

(c) The density dependence curve of self-diffusion
coefficients in a continuous potential fluid shifts and
approaches to that of rigid spheres at the same tempera-
ture with the increasing hardness of the core.

These results appear to offer a sound basis for the
equivalent hard sphere model as well as for the applica-
bility of the perturbation approach to the transport
theory. The idea of separating the intermolecular
potential into a rigid core part and a soft one, treating
the latter as a perturbation, is considered to be essentlally
applicable to the transport theory of liquids. This is
the basic physical assumption underlying the generalized
van der Waals theoryl®3D) and the dynamical model
of liquids due to Rice and Allnatt. The results calculated
by the use of the Rice-Allnatt model are also found
to be strongly dependent of the arbitrariness in splitting
the potential into two parts. At high densities and low
temperatures, the correlated successive rigid core
collisions of a pair of molecules is considered to have
more important effects on the self-diffusion coefficients.

Appendix I

A Langevin type of velocity autocorrelation function arising
from a Markovian velocity evolution is expressed as

v = cxp(— %;),

where D is a self-diffusion coefficient. Equation AI-1 is
expected to give a good description to ¥ (¢) for a hard core
potential (large k) at a moderate density. It is evident that
¥ (t) for a soft core potential (small /) is far from the simple
exponential behavior. If the interaction potential is a smooth

(AI-1)

Kazuo Tokiwano and Kiyoshi ARAKAWA

[Vol. 54, No. 4

function where there is no rigid core, then ¥ (¢) can be assumed
to be analytical in the neighborhood of t=0 and expanded
in a Taylor series
wﬂ
T@i)=1-— 2—;‘t2 + O(t4), (AI-2)
where the square of the Einstein frequency, w,?, is given in

terms of the average of the Laplacian of the total potential
energy U:

1
i-SE2-Lovys
Then, the Gaussian decay of ¥ (¢) is given by
V() =~ exp [_ é%:f_? t2]. (AI-4)

Since the potential function, Eq. 1, is continuous, the slope of
¥ (t) at t=0 is zero and the decay at a small time should be
Gaussian even for large values of £. For a completely rigid
core, however, collisions are instantaneous and this results in a
cusp of ¥(¢) at t=0.

Appendix II
The inversion of the transforms in Eq. 15 can be made ac-
cording to the same procedure as used by Helfand.?® Equa-
tion 16 is integrated by parts to give
1 €%, cos(qr) d
Vs = ﬁgo dg o [rVS(r)] (AII-1)
Substitution of Eq. AII-1 into Eq. 15 gives
1 10, (,(
s . - 2 ] /
e o kTSo quo drSo dr'r’[sin ¢(r' + r)
+sin gl = ] X [g0) = 11 S VS0)],  (ATL-2)

Using the relation S sin(gr)dg=p/r, where p stands for the
]

principal part, and introducting the change of variables y=
r/r’ and x=r’[o, we obtain from the integration over ¢ of Eq.
AII-2

s 1 1 N 2R )
t~ 5w, d"S,.‘ff’(lﬂ L)%
[»V3(ex)] [g(ox) — 1]. (AII-3)

For the potential function given by Eq. 18, Eq. AII-3 can be
integrated over y explicitly to lead

i = ()| s oteton — 11,

where f (x) is given by Eq. 20. When =1 and hence x,=1,
Eq. AII-4 is reduced to the expression of Helfand. Since g(ox)
vanishes in the region 0<x<x,, Eq. AII-4 is rewritten as
Eq. 19.

(AII-4)
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